Introduction
The Lane-Emden equation (LE) can be considered as a Poisson equation for the gravitational potential of the self-gravitating gas sphere. It plays a very important role in galactic dynamics and stellar structure, Binney and Tremain (1983) .
LE has an exact solution only for the polytropic indices n=0, 1 and 5. Due to its singularity behavior at the origin, LE problem is solved numerically. Beside the numerical solution, there are many approximate methods to solve LE, of them are homotopy perturbation method (Chowdhury, Hashim,2009) , variational iteration method (Ibrahim and Darus, 2008) , Sinc-Collocation method (Podlubny, 1999) , an implicit series solution (MomaniandIbrahim, 2008 ).
2
The main interest when solving Lane-Emden equation using power series is how to make the series converge to the outer surface. Nouh (2004) uses two accelerating techniques to obtain the radius of convergence for the range of the polytropic index 0 n < 5 
. Hunter (2001) uses
Euler transformation to make the series convergent to the surface of the sphere.
In the present paper, we introduce an approximate analytical solution to the polytropic gas sphere. We construct a recurrence relation for the coefficients of the power series expansion of the solution of the fractional polytropic Lane-Emden equation.
The structure of the paper is as follows. In section 2, some basic concepts of the fractional calculus are introduced. The series solution to the fractional polytropic gas sphere is described in section 3. Section 4 is devoted to the numerical results. Section 4 deals with the conclusion reached.
Principles of the Fractional Derivatives
There are many kinds of fractional calculus, such as Riemann-Liouville, Caputo, KolwankarGangal, Oldham and Spanier, Miller and Ross, Cresson's, Grunwald-Letnikov, and modified Riemann-Liouville, Mainardi (2010) and Herrmann (2014) . The modified Riemann-Liouville derivative is written as (Jumarie, 2010) 
Some useful formulas and the results of Jumarie's modified Riemann-Liouville derivative could be summarized in Jumarie (2010) , five of them are
where c is constant. Equations (4) and (6) are direct results from
He et al. (2012)has modified the chain rule (Equation (5)) to
where x  is called the fractal index determined in terms of gamma functions. Therefore,
Equations (4) and (6) will be modified to the following forms
and
Throughout this manuscript, we use Equations (9) and (10) to solve nonlinear FDEs.
Series Solution of the Fractional LE
The polytropic equation of state has the form
where n is the polytropic index and K is called the pressure constant. The equilibrium structure of a self-gravitating object is derived from the equations of hydrostatic equilibrium. The simplest case is that of a spherical, non-rotating, static configuration, where for a given equation of state all macroscopic properties are parameterized by a single parameter, for example, the central density. By some algebraic manipulation, the structure equations could be combined to give Lane-Emden equation (Binney and Tremaine ,1987) ,
with the initial conditions
Series solution of Equation (11) 
The fractional form of Equation (11) write
where ( ),  u u x is the Emden function and 0 < 1
By assuming the transform Xx 
Using the first initial condition to Equation (15) we get 0 1 A  and applying Equations (2) and (4) to Equation (15) 
Applying the second initial condition we obtain
A  and the series expansion could be written as
5
Apply the second derivative of the Emden function u , we get 2 11 1 2 3 3 24 2 (2 1) (3 1) ( ( 1)) ... ( 1) ( 2 1) (3 1) (2 1) (2 1) ( 1) ( 4 1) (3 1) ... ( 1) ( 1 ) (2 1) (2 1 ) (3 1) (3 1 )
At 0 X  we have 
To obtain the fractional derivative of n u , we apply the fractional derivative of the product of two functions 2 u , it will be considered as u times u .Similarly, 3 u will be considered as u times 2 u and so on. Taking the fractional derivative for both sides of Equation (19), we have
6 Differentiating both sides of Equation (20) k times we have 
,
In ( 1 ) 1) ( 1) ( ( 1) 1) ( 
where ( 1) ( 1 ) ( 1) ( 1) ( 1 ) ( 1) ( 1 ) ( 
where x  is called the fractal index and is given by 
where
Substituting Equations (22) and (23) in Equation (13) 
By putting 2 mk in the first and second part and mk  in the third part in Equation (24) ( ( 2) 1) ( ( 2) 
After some manipulations, we get
The coefficient of the series expansion could be calculated from the following two equations
If we put 1   in Equations (25) and (26) the series coefficients are reduced to the well-known series solution. For 0, 1, 2, 3 k  in Equations (25) and (26) we get
( 1) (2 1) (3 1) (4 1) (2 1) (3 1) 2 (2 1) ( 1) 2 120
Then the series solution at 1   is reduced to the will-known solution of Equation (11 
 
, where 1 () xNis the first zero calculated numerically and 1 () xAis the first zero calculated analytically. In the last column, we tabulate the fractional parameter  where the solution has been converged to the outer surface of the gas sphere.
From the table, we can see that the maximum relative error is 0.7% which reflects a good agreement with the numerical solution. Figure (1) illustrates the relation between the polytropic index and the fractional parameter . As the polytropic index goes high the fractional parameter goes low. In Figure ( 2), we show the distribution of the relative error over the polytropic index.
To study the effects of the fractional parameter  on the radius of convergence of the polytrope, we investigate the model with polytropic index 3 n  . First, we calculate the value of  that corresponding to the best relative error as appeared in Table (1) . Then we calculate the dependence of the first zero ( 1 x )on the fractional parameter  as illustrated in Figure (3 
